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Abstract

Purpose – The purpose of this paper is to describe two- and three-dimensional numerical modelling
of solid oxide fuel cells (SOFCs) by employing an accurate and stable fully matrix inversion free finite
element algorithm.
Design/methodology/approach – A general and detailed mathematical model has been developed
for the description of the coupled complex phenomena occurring in fuel cells. A fully matrix inversion
free algorithm, based on the artificial compressibility (AC) version of the characteristic-based split
(CBS) scheme and single domain approach have been successfully employed for the accurate and
efficient simulation of high temperature SOFCs.
Findings – For the first time, a stable fully explicit algorithm has been applied to detailed multi-
dimensional simulation transport phenomena, coupled to chemical and electrochemical reactions, in
fluid, porous and solid parts of a SOFC. The accuracy of the present results has been verified via
comparison with experimental and numerical data available in the literature.
Originality/value – For the first time, thanks to a stabilization analysis conducted, the AC-CBS
algorithm has been successfully used to numerically solve the generalized model, applied in this
paper to describe transport phenomena through free fluid channels and porous electrodes of SOFCs,
without the need of further conditions at the fluid-electrode interface.
Keywords Numerical analysis, Modelling, Flow, Porosity, Energy supply systems
Paper type Research paper

Nomenclature

Ck k-sepcies molar concentration
(mol m�3)

cp specific heat (kJ kg�1 K�1)

DK Knudsen diffusion coefficient
(m2 s�1)

Dkl binary diffusion coefficient
(m2 s�1)

De
km effective diffusion coefficient of

species ‘‘k’’ in mixture ‘‘m’’
(m2 s�1)

Dkm multicomponent diffusion
coefficient (m2 s�1)

E Nernst cell potential (V)

E0 standard electrode potential (V)

Ea activation energy (kJ mol�1)
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www.emeraldinsight.com/0961-5539.htm
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Fo Forchheimer coefficient

i current density (A m�2)

I cell current (A)

i0 exchange current density
(A m�2)

ii ionic current density (A m�2)

iavg average current density
(A m�2)

j species molar flux
(mol m�2 s�1)

K permeability (m2)

ke electrolyte electrical
conductivity (��1 m�1)

Mk k-species molecular weight
(kg mol�1)

ne number of transferred
electrons

p pressure (Pa)

pk k-species partial pressure (Pa)

rp average pore size (mm)

Se energy source term
(J m3 s�1)

Sk entropy of species k (J K�1)

Sm
k k-species mass source term

(kg m�2 s�2)

T temperature (K)

u velocity vector (m s�1)

ufuel,in intel velocity
and uair,in

ui i-component of velocity
vector (m s�1)

Vki k-species diffusion volume

Xk k-species molar fraction

xi Cartesian i-coordinate (m)

yk k-species mass fraction

Greek symbols

� charge transfer coefficient

�

1 porosity

�a activation polarization (V)

�c concentration polarization (V)

�ohm ohmic polarization (V)

�e effective dynamic viscosity (Pa s)

� fluid density (kg m�3)

�e effective fluid density (kg m�3)

�e electrolyte conductivity (S m�1)

�kl diffusion collision diameter A
o

�g tortuosity

�kl diffusion collision integral

# time (s)

� dynamic viscosity (Pa s)

	ij Kronecker delta


 ionic potential (V)

Constants

F Faraday constant (96,487 C mol�1)

Rg universal gas constant
(8.314 J mol�1 K�1)

� pi (3.14159)

Subscripts

f fluid region

s solid region

b bulk quantities

r reaction site quantities

Superscripts

A anodic quantities

C cathodic quantities

1. Introduction
The importance to integrate the use of renewable energies with more efficient
conversion of conventional fuels is compulsory in this time of increasing power
demand, rising oil prices and environmental problems. Fuel cells are gaining
popularity due to their high efficiency, cleanliness and cost-effective power supply
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(Kirubakaran et al., 2009). Although different fuel cell types are being investigated
(Brandon and Thompsett, 2005; Sammes, 2006), solid oxide fuel cells (SOFCs) are
considered very promising for stationary applications, due to a number of reasons,
such as the modularity, fuel adaptability and very low levels of NOx and SOx emissions.
The high operating temperatures (800-1,000 �C) allow cogeneration and the option of
directly feeding hydrocarbons, such as natural gas, which can be reformed within the
cell stack via catalyst materials (Aguiar et al., 2004, 2005; Bae et al., 2007;
Bhattacharyya et al., 2009; Cannarozzo et al., 2007; Costamagna et al., 2001; Hussian
et al., 2007; Palsson et al., 2000; Riensche et al., 2000; Singhal, 2000; Sundén and Faghri,
2005; Yakabe et al., 2000; Xue et al., 2005). This eliminates the need for external
reformers. These features make SOFC technology particularly suitable for stationary,
distributed power generation (Costamagna et al., 2001; Palsson et al., 2000; Riensche
et al., 2000). In hybrid SOFC-gas turbine power systems, pressurized SOFCs can be
successfully used to increase electric efficiencies above 70 per cent (Singhal, 2000).

Over the years, many designs have been proposed for SOFCs. Since the 1960s,
however, mainly planar and tubular designs have been developed (Sundén and Faghri,
2005). Lately, a number of researchers have started focusing on intermediate
temperature solid oxide fuel cells (ITSOFCs) (Aguiar et al., 2004, 2005; Bae et al., 2007;
Yakabe et al., 2000), which operate at a temperature between 550 and 800 �C. Such
ITSOFCs present more cost-effective fabrication and increased reliability, thanks to
reduced thermal stresses. Nevertheless, due to the relatively thick electrodes employed
in most anode-supported ITSOFCs, the development of these systems requires a
detailed understanding of mass and energy transport phenomena, together with the
electrochemical reactions occurring at the catalyst layer, which affect their
performance (Bae et al., 2007; Cannarozzo et al., 2007; Greene et al., 2006; Hussian et al.,
2007). Dynamic models have also been developed (Bhattacharyya et al., 2009; Xue et al.,
2005) as important tools to be used for system optimization and dynamic control (Xue
et al., 2005), in order to increase the reliability of these systems.

Despite the intensive research and significant progress, SOFC technology is still at its
prototype stage, mainly due to high manufacturing costs and low reliability. For SOFCs
technology to become commercially available and therefore contribute to the solution of the
present energy problem, a greater research effort is required to better understand some of
the fundamental aspects of these devices. To achieve such goals, more efficient numerical
models are needed, which should be able to accurately predict the behaviour of these
systems in different operating load conditions. Nowadays, the trend in numerical modelling
of SOFCs has started moving towards three-dimensional simulations, but the available
literature shows that commercial codes are widely employed (Akhtar et al., 2009; Danilov
and Tade, 2009; Ho et al., 2009; Lin et al., 2007; Liu et al., 2009), while non-commercial codes
with dedicated algorithms are rare (Kapadia and Anderson, 2009). Furthermore, efficient
parallelized codes are required to model fuel cells arranged in stacks (Kapadia and
Anderson, 2009) and to solve problems with the required number of grid points.

Even though a number of numerical models have been proposed in the last few
years for fuel cell simulations, a thorough analysis of the available literature shows
that a detailed and robust modelling approach is still at its early stage of development
(Ma et al., 2005; Sammes, 2006; Singhal and Kendall, 2003; Sundén and Faghri, 2005).
SOFCs can be examined as a heat and mass exchanger or as an electrochemical
generator or as a chemical reactor or as a complete system by combining stacks with
external devices such as reformers, contaminant removal units, compressors, etc.
(Kakaç et al., 2007). However, the models available in the literature are usually
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classified in to two main categories as micro- and macro-models (Kakaç et al., 2007).
Most of the micro-models focus on the description of SOFC components, while macro-
models mainly deal with the macroscopic or overall operational behaviours of SOFCs.

The models for numerical simulation of one cell form the basis for stack-level and
eventually for system-level simulations. Among one cell macro-models, one of the earliest
works was published in the 1980s by De Benedetti and Vayenas (1983), Vayenas et al.
(1985). They considered a cross flow monolithic high temperature fuel cell as an
electrochemical reactor in order to describe its behaviour under steady-state conditions.
Later, a number of models appeared in the literature for the simulation of SOFCs (Bistolfi
et al., 1996; Costamagna, 1997; Ferguson et al., 1996; Hirano et al., 1992; Riess et al., 1996;
Standaert et al., 1996). However, computational resources at the time did not allow
researchers to couple the electrochemical models to the multidimensional transport
phenomena simulation. Therefore, most of the initial multi-dimensional models
introduced a number of simplifications to take into account the thermo-fluid dynamic
aspects (Chan et al., 2001; Chan and Xia, 2002; Riess et al., 1996; Zhu and Kee, 2003).

More recently, advances in computational fluid dynamics (CFD) techniques have
allowed researchers to use multi-dimensional and multi-component models for fuel cell
simulations, mainly using commercial codes and finite volumes techniques (Autissier et al.,
2004; Beale et al., 2003; Campanari and Iora, 2004; Khaleel et al., 2004; Lockett et al., 2004),
even though the use of such commercial CFD tools may result in reduced flexibility,
especially in overcoming some of the most common simplifying assumptions (Aguiar et al.,
2004; Lin and Beale, 2006; Yakabe et al., 2000). It is also important to notice that the results
obtained are rarely validated against experimental data, mainly because of lack of such
data in the literature (Sundén and Faghri, 2005). In fact, attempts for validation of local
mass transport phenomena are rarely available (Hecht et al., 2005; Yakabe et al., 2000).

For these reasons, the authors believe that it is important to develop a general,
flexible and detailed numerical model in order to overcome the limitations of the
existing fuel cell models. Moreover, the development of a robust model offers
the possibility of using faster solution algorithms or numerical procedures, reducing
the computational time and the resources required. This aspect is crucial in order to
extend the model to a stack and system simulation level. The aim of the present work is
to show how a stable and fully explicit matrix inversion free algorithm, based on the
finite element method (FEM), can be successfully applied with a single domain
approach, to accurately solve mass transport phenomena in a SOFC for the first time.
The algorithm has been specifically developed by the authors in order to produce a
stable, efficient and accurate solution for fluid dynamic, species concentration and
current density distribution, also in presence of very high source terms, such as those
due to low electrode permeability. Furthermore, quantities such as current density and
diffusion coefficients are calculated locally and are not assumed to be constant.

In the past, the semi implicit (SI) version of the characteristic-based split (CBS) scheme
was applied to the solution of SOFC problems (Arpino et al., 2008), and a two domains
approach was employed. Even though the previous work demonstrated the possibility to
use the CBS algorithm for SOFC modelling, it appeared that the extension to 3D simulation
needed a more efficient numerical procedure, which can easily be parallelized, implemented
and needs few computational time for the solution process, especially in the presence of
high source terms. For these reasons, a novel version of the CBS scheme has been
specifically developed for the solution of complex and multidimensional fuel cell problems.

A new artificial compressibility (AC) version of the CBS algorithm is employed here
for the first time for the simulation of fluid transport in SOFCs. The algorithm has been
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recently applied to free fluid, saturated porous media and interface flow problems
(Arpino et al., 2009, 2010; Nithiarasu, 2003).

The present algorithm presents a number of advantages, as it allows an efficient
simulation of fluid dynamic complex phenomena, especially in the presence of very large
source terms. This is due to the stability analysis carried out in the recent past (Arpino
et al., 2010). The governing equations are solved via the FEM, which is the best choice for
the solution of multidisciplinary problems, such as fuel cells. Furthermore, the AC-CBS
algorithm is fully matrix inversion free and therefore particularly efficient in terms of
computational requirements, and it can easily be parallelized. These are important
requirements for a computational model in order to efficiently solve three-dimensional
problems of fuel cells arranged in stacks, where millions of grid points are necessary.

The use of a single domain approach for the whole fuel cell increases the flexibility
of the algorithm, as it is not necessary to impose boundary conditions (BCs) that are not
known a priori.

The proposed model has been applied to two- and three-dimensional simulation of
an anode-supported SOFC by employing a single domain approach. The results
obtained in terms of mass transfer related phenomena have been successfully
compared to the experimental data available in the literature (Yakabe et al., 2000).

The paper is structured as follows: in section 2, the proposed mathematical model is
presented; in section 3, the AC-CBS algorithm is described. The novel single domain
approach is described in section 4 and the results obtained are given in section 5. In the
last section, some conclusions are drawn.

2. Mathematical model
In the proposed mathematical model, the SOFC has been divided into three different
components as depicted in Figure 1:

(1) anodic compartment, that includes fuel channel, porous anode and the anodic
catalyst layer (interface between anode and electrolyte);

(2) ion-conducting electrolyte; and

(3) cathodic compartment, that includes oxidant channel, porous cathode and
cathodic catalyst layer (interface between cathode and electrolyte).

The equations that describe the complex phenomena occurring inside a fuel cell
include mass, momentum, species and energy conservation. In addition, other relations
have to be considered in order to take into account all the specific electrochemical
phenomena, such as the Nernst-Planck equation for the ideal electromotive force, the
Butler-Volmer equation for the electrochemical kinetics and the Faraday equation
which relates current density to reactant consumption/production.

The equations used in the present model have been derived on the basis of some
assumptions, which are correctly used for the regimes described in this work:

. the fluid flow is incompressible;

. ideal gas behaviour;

. electrodes are saturated porous media with constant porosity and permeability;

. no electro-chemical reactions occur in the gas channels; and

. fuel cell operates under steady-state conditions.
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The quantities of interest in flow channels, porous electrodes, electrolyte and catalyst
layers are therefore described by the equations presented in the following subsection.

2.1 The generalized porous medium model
Heat and fluid flow through fuel and oxidant channels and through porous electrodes
is modelled by solving the generalized porous medium model (Arpino et al., 2009;
Massarotti et al., 2001, 2003; Whitaker, 1961):

Figure 1.
Flow diagram of the
proposed single domain
fuel cell model
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Mass conservation equation:
@uj

@xj

¼ 0: ð1Þ

Momentum conservation equation:

�
@ui

@#
þ �
"

uj

@ui

@xj

þ " @p

@xi

¼ �e
@

@xj

@ui

@xj

� �
� �"ui

K
� �Fo"jujffiffiffiffi

K
p : ð2Þ

Energy conservation equation:

" ð�cpÞf þ ð1� "Þð�cpÞs
h i @T

@#
þ ð�cpÞf ui

@T

@xi

� ke
@

@xi

@T

@xi

� �
¼ Se: ð3Þ

The subscript e in the equations above indicates the effective quanties in the porous
domains (Arpino et al., 2009; Massarotti et al., 2001), while the negative source term on the
right hand side (RHS) of Equation (2) takes into account the effect of the porous matrix.

The generalized porous medium model (Equations (1-3)) is particularly suitable for
modelling partially porous domains. In fact, the Navier-Stokes equations can be
obtained from the above generalized model equations by substituting " ¼ 1 and
K !1 to model the fuel and oxidant flow, while with 0 < " < 1 and 0 < K <1, the
porous matrix can be introduced, i.e. anode and cathode. The heat generated by the cell
under operating conditions is accounted for using the energy source term Se (Sundén
and Faghri, 2005), on the RHS of Equation (3).

2.2 Mass transport
The transport of chemical species inside the fuel cell is governed by the following
species conservation equation:

"�e
@yk

@t
þ "�euj

@yk

@xj

� "�eD
e
km

@

@xj

@yk

@xj

¼ Sm
k ð4Þ

where the subscript e for indicates the effective quantity in the porous domain (Arpino
et al., 2009; Massarotti et al., 2001). The RHS includes the species source/sink term, Sm

k ,
of the species k in mixture m, which is derived from chemical reactions.

The calculation of the effective species diffusion coefficient for species k in mixture
m, De

km, is crucial, as it directly affects the limiting fuel cell current, which corresponds
to zero concentration values of reactant species at the reaction site (catalyst layers). In
the absence of experimental data, several models are available in the literature for the
calculation of the molecular diffusion coefficient on the basis of pressure, temperature
and species concentration values. The most common method for theoretical estimation
of gaseous diffusion is the one developed independently by Chapman and Enskog
(Cussler, 1997; Perry et al., 1997). This theory is based on a detailed analysis of
molecular motion in diluted non-polar gases. The presence of the porous electrodes is
taken into account through the Knudsen diffusion coefficient (Zhu and Kee, 2003) as:

DK ¼
4

3
rp

ffiffiffiffiffiffiffiffiffiffiffi
8RgT

�Mi

s
: ð5Þ
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The effective diffusion coefficient of species k in mixture m is then given by the
following relation:

1

De
km

¼ �g

"

1

Dkm

þ 1

DK

� �
: ð6Þ

Since the exact value of tortuosity �g can be hardly evaluated, most codes in the
literature use such parameter as a phenomenological fitting factor (Zhao and Virkar,
2005). In the present model, the tortuosity has been kept constant and equal to 4.5, in
order to reproduce the same conditions that were used by the authors of the
experimental data used here for validation (Yakabe et al., 2000).

2.3 Electrochemical kinetics and fuel cell performance
Assuming the cell is fed by pure hydrogen and oxygen, the ideal electromotive force
associated with electrochemical reactions is given by the well known Nernst equation
(Singhal and Kendall, 2003):

E ¼ E0 �
RgT

2F
ln

pH2O

pH2
p0:5

O2

 !
ð7Þ

and the fluxes of reactants due to electrochemical reactions can be calculated according
to Faraday’s law (Singhal and Kendall, 2003):

jk ¼
i �Mk

neF
: ð8Þ

Under operating conditions, the cell voltage is lower than the Nernst voltage, as it is
affected by losses (or overpotentials). These losses are mainly activation, concentration
and ohmic overpotentials. The operating voltage is therefore calculated as:

V ¼ E � �a � �c � �ohm: ð9Þ

Activation losses �a are related to the activation energy required by the chemical
reactions. The relation between current density and activation overpotentials is
governed by the phenomenological Butler-Volmer equation (Singhal and Kendall, 2003),
which represents the net anodic and cathodic current due to an electrochemical reaction:

i ¼ i0 exp �A

neF�a

RgT

� �
� exp ��C

neF�a

RgT

� �� �
: ð10Þ

The exchange current density i0 at the electrode/electrolyte interface (catalyst layer),
which appears in the above equation, is not simply a constant parameter. In fact, its
value depends on the operating conditions and material properties, and also on fuel cell
electrochemical reaction kinetics and reactants/products concentrations (Celik et al.,
2005). In the present model, the exchange current density has been evaluated on the basis
of the relations available in Campanari and Iora (2004) and it is expressed by the
following Arrhenius type equation:
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i0 ¼ k0 exp � Ea

RT

� �
: ð11Þ

When the cell is under no load (open circuit), the species concentrations at the reaction
sites are the same as in the bulk channel flow, while under operating conditions there is a
concentration gradient across the electrode structure, due to species mass fluxes that
supply the electrochemical reactions. The difference in reactant and product
concentrations between the bulk channel and the reaction site causes concentration
losses, related to fuel and oxidant consumption in the cell. Such losses can then be
evaluated as the difference between the Nernst potential in the bulk channel flow and the
same quantity at the reaction sites, according to the following relation (Aguiar et al.,
2004; Campanari and Iora, 2004; Chan et al., 2001; EG&G Technical Services, 2004;
Greene et al., 2006; Zhu and Kee, 2003):

�c ¼ �A
c þ �C

c ¼
RgT

2F
ln

Xb
H2

Xr
H2O

Xr
H2

Xb
H2O

 !
þ RgT

4F
ln

Xb
O2

Xr
O2

 !
: ð12Þ

The ohmic losses are due to the resistance to the ion flow in the electrolyte and the
resistance to the electron flow in the electrodes. Since the electric current flow in both
electrodes and electrolyte is governed by the Ohm’s law, ohmic losses in planar SOFCs
can be expressed by:

�ohm ¼ I � Ri ð13Þ

where Ri represents the overall ohmic resistance, that is the sum of the cathode,
electrolyte, anode, interconnect and contact ohmic resistance. Ohmic resistivities are
usually calculated on the basis of an empirical formula of the type:

Ri ¼ A � exp
B

T

� �
: ð14Þ

Typical values of specific resistance for SOFCs can be found in the literature (Li and
Chyu, 2005; Nishino et al., 2006; Stiller et al., 2005).

2.4 Ion-conducting electrolyte
In a SOFC, the oxide ions (O2�), throughout an ion conducting electrolyte, migrate from
the air electrode (cathode) side to the fuel electrode (anode) side, where they react with
the fuel (H2, CO, etc.) to generate an electrical voltage. Under stationary operating
conditions, the migration of oxide ions is governed by the following equation:

r � ii ¼ 0: ð15Þ

Using Ohm’s law, the ionic current density can be related to the ionic potential and
Equation (15) becomes:

ker2
 ¼ 0: ð16Þ
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From the thermal point of view, heat transfer inside the electrolyte is governed by the
following equation (Singhal and Kendall, 2003):

�er2T ¼ �eðr
 � r
Þ: ð17Þ

3. The artificial compressibility characteristic-based split algorithm
A three-dimensional finite element code based on the AC-CBS algorithm has been
developed to solve the coupled partial differential equations (PDEs) employed in the
presented model. The AC-CBS procedure has been successfully applied to the solution
of free fluid, saturated porous media and interface flow problems (Arpino et al., 2009,
2010; Nithiarasu, 2003).

The governing PDEs have been discretized in time along the characteristics, and in
space using the standard Galerkin procedure (Arpino et al., 2009; Zienkiewicz et al.,
2005). The temporal discretization along the characteristics leads to the introduction of
higher order convective terms, while the splitting of velocity and pressure leads to
three separate steps in the solution procedure (Arpino et al., 2009; Zienkiewicz et al.,
2005). The three steps of the AC-CBS algorithm can be written as:

(1) Intermediate velocity calculation:

~uunþ1
i ð1þ�t"P#3Þ � un

i ð1��t"Pð1� #3ÞÞ ¼ �
�t

"
uj

@ui

@xj

� �n

þ �t
�e

�f

@2ui

@x2
i

" #n

þ "�t2

2

1

"2
uk

@

@xk

uj
@ui

@xj

� �� �n

:

ð18Þ

(2) Pressure calculation:

1


2
ðpnþ1 � pnÞ ¼ ��t

�f

"
#1

@~uunþ1
i

@xi

þ ð1� #1Þ
@un

i

@xi

 !
þ�t2 @

2pn

@x2
i

: ð19Þ

(3) Velocity correction:

ð1þ"�tP#3Þðunþ1
i �~uunþ1

i Þ¼�"�t #2
@pnþ1

@xi

þð1�#2Þ
@pn

@xi

þ �t

2
uk

@

@xk

@p

@xi

� �n� �
ð20Þ

where 0:5 � #1 � 1 and 0 � #i � 1;with i ¼ 2; 3. For the AC scheme
employed in the present study, #1 ¼ 1and#2 ¼ #3 ¼ 0. In the above equations,
velocity, pressure and temperature are artificial quantities while iterating. This
is due to the fact that the incompressibility constraint is not enforced
at each time step. When steady-state convergence is reached, actual
quantities are obtained (Arpino et al., 2009). The superscripts n þ 1 and n refer
to the iterative procedure and not to actual time levels. The term
P ¼ ð�e"=�KÞ þ ðF0"juj=

ffiffiffiffi
K
p
Þ takes into account the presence of the porous

matrix. A stability analysis has been recently carried out for the present AC-
CBS algorithm, obtaining a robust and efficient fully explicit matrix inversion
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free procedure for the solution of saturated porous media and free fluid
interface flow problems (Arpino et al., 2010).

Depending on the problem of interest, it is possible to consider other
equations coupled to the above set, such as:

(4) Temperature field calculation:

Tnþ1 � Tn ¼�t
ð�cpÞf

"ð�cpÞf þ ð1� "Þð�cpÞs
�ui

@T

@xi
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ð�cpÞf
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i

" #n

þ�t2

2

ð�cpÞf
"ð�cpÞf þ ð1� "Þð�cpÞs

�uu
@

@xj
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@T

@xi

� �� �n

:

ð21Þ

(5) Species field calculation:

�eð ynþ1
k � yn

kÞ ¼ �t ��euj

@yk

@xj

þ �eD
e
km

@yk

@xi

� �n

þ�t2

2
�uu
@

@xj

�eD
e
km

@yk

@xi

� �� �n

:

ð22Þ

The above equations are discretized in space using the standard Galerkin finite
element procedure (Zienkiewicz et al., 2005). The three-dimensional
computational domain is subdivided into a tetrahedral mesh of finite elements.
Within the elements each variable is approximated by a linear function that can
be expressed in terms of its value at the four nodes of a tetrahedral element:


 ¼
X4

n¼1

Nn
�

n ð23Þ

where Nn is the shape function and �

n is the value of the generic approximated
variable 
 at node n. The equations obtained substituting the approximated
function in Equations (18)-(22) are then weighted using the same shape
function, Nn, and integrated over the computational domain.

4. The proposed single domain fuel cell solution procedure
The dependence of species diffusion coefficients and local current density distribution
on velocity, species and temperature fields requires an iterative process for the
resolution of the proposed fuel cell model. Assuming that the electrochemical reactions
do not significantly affect the mixture thermodynamic properties (density, viscosity,
etc.), energy and species conservation equations are solved afterwards the pressure and
velocity fields determination. The continuity of temperature, electric current and
potential at the interfaces between porous electrodes and electrolyte make desirable a
single domain approach for the modelling of the entire fuel cell. In such a way, no
further conditions are required at the interfaces between the different sub-domains.
The resolution procedure adopted in this work is relative to the isothermal case and
can be summarized by the following main steps:

(1) resolution of mass and momentum conservation equations for the
determination of pressure and velocity fields;
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(2) guess an initial distribution for local current density and effective species
diffusion coefficients;

(3) calculation of reactants fluxes at the catalyst layer according to Equation (8);

(4) resolution of species conservation equation;

(5) resolution of Butler-Volmer equation for the calculation of new current density
distribution at the catalyst layer;

(6) calculation of new species effective diffusion coefficients; and

(7) restart form step ‘‘(3)’’ until convergence on local current density distribution
and species diffusion coefficient fields is reached.

Once the global convergence is reached, the concentration polarizations are evaluated
and, finally, the fuel cell performances are determined in terms of operative cell voltage
and cell power density. More details about the proposed resolution process can be
derived from Figure 1.

5. Results
In the present work, a planar anode-supported SOFC is modelled. Different fuel cell
components, together with the BCs employed for the simulations, are shown in Figure 2.
The BCs employed for the fluid dynamic field, modelled by Equations (1) and (2) are as
follows. The velocity distribution is assigned at the inlet section, while, at the outlet
section, pressure is assigned (see Figure 2). A no slip BC is assigned to the top and
bottom horizontal walls. Symmetry velocity BCs are assigned to the vertical side walls.
Temperature is assigned at the inlet section, adiabatic walls are assumed at the top and
bottom of the computational domain, while at the outlet section, natural BC is assigned.
Symmetry temperature BCs are assigned to the vertical side walls. The BCs employed
for the species concentration field, modelled by Equation (4), are: species concentrations
are assigned at the inlet section of fuel and air channels, while reactants/products,
consumption/production due to electrochemical reactions is modelled as an assigned
mass flux at the catalyst layer, i.e. reaction site (red face in Figure 2), according to
Faraday’s law. The top and bottom horizontal walls are considered impermeable to mass.
In the absence of experimental data, the binary diffusion coefficients have been
theoretically estimated according to the Chapman and Enskog theory (Cussler, 1997;
Perry et al., 1997). The effective diffusion coefficient of species k in mixture m for the
porous medium is calculated according to Equations (5) and (6).

The results for 2D simulations of the anode-supported planar SOFC, considered in the
present work, have been obtained by employing a structured computational grid refined

Figure 2.
Schematic representation
and BCs employed for the
simulation of a planar
anode-supported SOFC
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near the top and bottom walls and at the interfaces between the three different
subdomains. The mesh employed, shown in Figure 3, contains 5,589 nodes and 10,560
triangular elements, and it has been determined on the basis of a mesh sensitivity analysis.
In order to verify the algorithm in three dimensions, an unstructured computational
grid refined near the top and bottom walls and at the interfaces between the three
different subdomains has been used. The mesh employed contains 62,211 nodes and
252,491 tetrahedral elements. This mesh was generated using the PSUE, available
within the School of Engineering, Swansea University (Morgan et al., 1999), and a
detail of it near the fuel entrance is shown in Figure 4.

The proposed model has been verified by simulating mass transfer phenomena in an
isothermal planar anode-supported SOFC, fed by a mixture of H2, H2O and Ar, for which
experimental data are available in literature (Yakabe et al., 2000). Since the generalized
porous medium model is employed to describe the energy and mass transport
phenomena in the anodic and cathodic compartments, no further BCs are needed at the
interface between free fluid channels and porous electrodes. The comparison with
experimental data is carried out on the basis of concentration polarizations in the anodic
compartment of the fuel cell. The parameters adopted for the present simulations were
extracted from the experimental data of Yakabe et al. (2000) and are listed in Table I. As
the physical parameters are available only for the anode, the quantities listed in Table I
are employed for both electrodes. As the order of magnitude of such parameters is the

Figure 3.
Two-dimensional

computational grid
employed: 5,589 nodes and
10,560 triangular elements

Figure 4.
Three-dimensional

computational grid
employed: 62,211 nodes
and 252,491 tetrahedral

elements
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same for anode and cathode (Chan et al., 2001; Chan and Xia, 2002; Hussian et al., 2007),
and the cathode is two order of magnitude thinner than the anode, this assumption is not
expected to affect the results obtained. The assigned inlet velocity of the fuel is 2.0 m/s
that corresponds to a calculated fuel utilization (FU) factor less than 5 per cent, which is
close to the experimental condition (Yakabe et al., 2000).

Figure 5 shows a comparison in terms of concentration overpotentials, �A
c , of the

results obtained with the present algorithm with the experimental and numerical data
from Yakabe et al. (2000). The comparison is performed for average current density
values of 0.3 A/cm2 and 0.7 A/cm2. The reactants concentration is reported on the
horizontal axis. The reference value on the vertical axis, �A

c0, is calculated at
H2/(H2 þ H2O þ Ar) ¼ 0.8. The ratio of H2/H2O is kept at 80/20 and the concentration
of H2 in the system is varied by the degree of dilution of the inlet fuel with Argon.
Therefore, �A

c0 is calculated when no argon is present in the system.

Figure 5.
Concentration
overpotentials for the
H2-H2O-Ar fuel mixture,
at iavg ¼ 0.3 A/cm2 and
iavg ¼ 0.7 A/cm2

Table I.
Physical properties of
cell electrodes and
input parameters

Parameter Symbol Value

Operating temperature (K) T 1,023
Operating pressure (atm) P 1.0
Inlet fuel velocity (m/s) uin 2.0
Inlet air velocity (m/s) uin 2.0
Current density (A/cm2) iavg 0.30, 0.70
Porosity 1 0.46
Average pore size (mm) rp 2.6
Tortuosity �g 4.5
Anode permeability (m2) �A 1.76 � 10�11

Anode thickness (mm) 2.0

Source: Yakabe et al. (2000)
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The results shown in Figure 5 are the same in both two and three dimensions, since the
simulations performed by using the 3D AC-CBS code have been carried out by
employing symmetry BCs for the vertical side walls of the computational domain. Figure
5 shows that �A

c increases as H2 concentration at the inlet mixture decreases. This
behaviour is more rapidly for low reactant concentration. In terms of current density, it
can be noticed from the same figure that for higher current densities, which correspond
to higher fuel consumption, concentration overpotentials increase. This can be explained
as follows. At high fuel concentration and low operating current densities, the bulk gas
contains sufficient reactant to diffuse easily through the electrode to the anode-electrolyte
interface, where the low reactant consumption produces small reactant concentration
gradients across the electrode. This results in low �A

c . On the other hand, for low inlet fuel
concentration and high operating current density, the amount of reactant in the bulk gas
is not sufficient to attain the desired operating current density. This results in higher
concentration gradients across the anode and starvation of reactants at the reaction site.

From the analysis of Figure 5, it can be noticed that for both mean current density
values considered, the numerical solution agrees very well with experimental data,
particularly at iavg¼ 0.3 A/cm2. For both cases considered, the numerical results slightly
overestimate the experimental data at low dilution factors, and slightly underestimate
the experimental data when fuel is highly diluted with argon. The present calculations
show a significantly better approximation of the experimental data respect to the
numerical results that the authors of the experiment predicted (Yakabe et al., 2000).

5.1 Fuel cell performance evaluation
The fuel cell performance, in terms of operative voltage and power density, has been
evaluated assuming that a mixture of gas at the constant temperature of 1,023 K with a
constant mass ratio H2=H2O ¼ 80=20 is introduced at the fuel inlet. The domain
temperature is also kept constant at 1,023 K. Such assumption is acceptable since the anode-
supported SOFC was placed inside an alumina tube in a furnace which allowed the control
of the SOFC temperature distribution (Yakabe et al., 2000). In order to reproduce a wide
range of FU factors, three different fuel inlet velocities are simulated: 2:81� 10�1 m=s,
corresponding to a FU factor between 1.5 per cent at iavg ¼ 0.1 A/cm2 and 10 per cent at
iavg ¼ 0.7 A/cm2; 8:45� 10�2 m=s, corresponding to a FU factor between 5.0 per cent at
iavg ¼ 0.1 A/cm2 and 35 per cent at iavg ¼ 0.7 A/cm2; 5:00� 10�2 m=s, corresponding to a
FU factor between 8.5 per cent at iavg ¼ 0.1 A/cm2 and 60 per cent at iavg ¼ 0.7 A/cm2. For
all the studied cases, the air inlet velocity is assumed to be 1.0 m/s.

Figure 6 shows the fuel and oxidant horizontal velocity field in the fuel cell, at a fuel
inlet velocity of 2:81� 10�1 m=s. Since the thickness of cathode and electrolyte (0.05 mm)
is about two orders of magnitude smaller than the anode (2 mm) and the channels (1 mm),
these domains are not clearly visible in the figure. It is evident from the figure that the
velocity decreases rapidly in the anode, because of the very low permeability. The
velocity magnitude in the porous electrodes is of the order of 10�5 m/s, while a maximum
velocity of 1.5 m/s in the air channel and 0.42 m/s in the fuel channel have been
calculated. The solution shown in Figure 6, obtained when the residuals were below
10�6, required less than 3 hours on a machine with 2.4 GHz processor and 4 Gb Ram. It
has been possible to obtain such results, thanks to the AC-CBS stability analysis recently
carried out (Arpino et al., 2010).

Figures 7-9 present the hydrogen (a) and oxygen (b) mass fraction distributions in the
anodic and cathodic compartments at a mean current density value iavg ¼ 0.2 A/cm2.
The fuel inlet velocities used in these figures are 2.81 � 10�1 m / s, 8.45 � 10�2 m / s and
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Figure 7.
Hydrogen (a) and
oxygen (b) mass fraction
distribution in the
fuel cell, for an average
current density iavg ¼ 0.2
A/cm2 and a fuel inlet
velocity ufuel, in and
uair, in¼ 2.81�10�1 m/s

Figure 6.
Horizontal velocity field
in the fuel cell
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5.00 � 10�2 m / s, respectively. From these figures, it is evident that the fuel inlet velocity
significantly modifies the H2 and O2 concentration fields, since it directly affects the FU
factor. In particular, the mass fraction distribution calculated at the catalyst layers at the
maximum fuel inlet velocity (Figure 9) varies along the fuel cell, while at the minimum
fuel inlet velocity a more homogeneous fuel mass fraction distribution is found at the
catalyst layer (Figure 7). As expected, the minimum hydrogen mass fraction at
the catalyst layer was found at the minimum fuel inlet velocity, i.e. maximum FU factor.
The oxygen concentration does not vary for these three cases, as expected.

Figures 10-12 present the hydrogen (a) and oxygen (b) mass fraction distributions in
the anodic and cathodic compartments at a mean current density value iavg¼ 0.4 A/cm2.
In this case, the same fuel inlet velocities used in Figures 7-9 are considered, respectively,
for the results of Figures 10-12. From these figures, it is clear that the behaviour of the

Figure 8.
Hydrogen (a) and oxygen

(b) mass fraction
distribution in the fuel

cell, for an average
current density iavg ¼ 0.2

A/cm2 and a fuel inlet
velocity ufuel, in and

uair, in¼ 8.45�102 m/s
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cell is similar, but the variation of fuel concentration along the fuel cell is increased
respect to the lower current density of the previous case. The comparison between the
mass fraction distributions at iavg¼ 0.2 A/cm2 and iavg¼ 0.4 A/cm2 also shows that a
higher current density corresponds to higher consumption of oxygen inside the fuel cell.

Since the minimum fuel mass fraction at the catalyst layer corresponds to the
maximum concentration losses, the inlet fuel velocity also affects the fuel cell limiting
current density. This is clearly shown in Figure 13, which presents the anodic and
cathodic concentration losses as a function of the average cell current density at
different fuel inlet velocities considered. This figure shows a significant increment in
both anodic and cathodic concentration overpotentials for higher values of the mean
current density. This is due to the higher fuel consumption rate at higher values of cell
current density. Figure 13 also shows that the anodic concentration polarizations do not
vary significantly, at lower current densities, with the fuel inlet velocity. However, these

Figure 9.
Hydrogen (a) and
oxygen (b) mass fraction
distribution in the
fuel cell, for an average
current density iavg ¼ 0.2
A/cm2 and a fuel inlet
velocity ufuel, in and
uair, in¼ 5.00�10�2 m/s
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differences become important for higher values of the average current density.
As the cathodic concentration losses are concerned, it is evident that they have less
influence on the performance of the anode-supported fuel cell considered in the
present work.

Figure 14 shows the ohmic losses and both anodic and cathodic activation
overpotentials as a function of the average cell current density, for different values of
the mean cell current density. Since the air inlet parameters are kept constant at the
cathodic compartment, no differences can be noticed as the fuel inlet velocity changes.
It can be observed that both the anodic and cathodic activation losses are much smaller
than the ohmic activation losses and do not influence significantly the cell
performance, both in terms of output power density and operative voltage. The ohmic
polarization, calculated on the basis of Equation (13), presents a linear behaviour as

Figure 10.
Hydrogen (a) and oxygen

(b) mass fraction
distribution in the fuel

cell, for an average
current density iavg ¼ 0.4

A/cm2 and a fuel inlet
velocity ufuel, in and

uair, in¼ 2.81�10�1 m/s
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expected. The calculation of ionic and electronic resistances of the different parts of the
fuel cell is based on the data available from the literature (Stiller et al., 2005).

Figure 15 presents the operative cell voltage and the cell power density, for the three
fuel inlet velocities considered, as a function of the average current density. As the FU
factor increases, i.e. fuel inlet velocity decreases, the peak in the power density of the
fuel cell decreases and moves slightly towards lower average current density values.
Furthermore, for higher FU factors, there is a faster drop in the cell power density at
the peak cell current density. This is due to the higher fuel consumption rate at higher
values of cell current density, that causes a rapid increase in the concentration losses
(Figure 13). In fact, from the analysis of Figures 13-15, it can be noticed that both
anodic and cathodic concentration losses significantly increase for higher values of the
mean cell current density and they are responsible of the rapid drop in the cell voltage

Figure 11.
Hydrogen (a) and oxygen
(b) mass fraction
distribution in the fuel
cell, for an average
current density iavg ¼ 0.4
A/cm2 and a fuel inlet
velocity ufuel, in and
uair, in¼ 8.45�10�2 m/s
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when the maximum cell current is approached. Obviously, the cell power density
decreases accordingly.

6. Conclusions
In the present paper, a matrix inversion free method, based on the AC-CBS scheme, has
been employed for the 2D and 3D simulation of the complex coupled phenomena
occurring in an anode-supported high temperature SOFC. The generalized porous
medium approach has been employed to simulate transport phenomena in free fluid
channels and porous electrodes. A novel single domain approach has been used for the
whole fuel cell, in conjunction with a stable AC version of the CBS algorithm,
increasing the flexibility of the model proposed in the present paper, respect to the
previous version of the CBS. The overall fuel cell performance has been analysed for

Figure 12.
Hydrogen (a) and oxygen

(b) mass fraction
distribution in the fuel

cell, for an average
current density iavg ¼ 0.4

A/cm2 and a fuel inlet
velocity ufuel, in and

uair, in¼ 5.00�10�2 m/s
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different FU factors. The present results have been verified, both in two and three
dimensions, through comparison with experimental and numerical data available in the
literature. The authors believe that the present matrix inversion free algorithm, thanks to
the stability analysis developed and to the single domain approach employed, is a very
promising variant for detailed 3D simulations of SOFC performance.

Figure 13.
Anodic and cathodic
concentration
overpotentials as function
of the mean cell current
density, for different
values of fuel inlet
velocity

Figure 14.
Ohmic losses and both
anodic and cathodic
activation overpotentials
as function of the average
cell current density, for
different values of fuel
inlet velocity
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